Spin and helicity of massive particles by Lee, Cheng-Yang
ar
X
iv
:1
60
7.
05
37
0v
2 
 [h
ep
-th
]  
7 S
ep
 20
16
Spin and helicity of massive particles
Cheng-Yang Lee∗
Institute of Mathematics, Statistics and Scientific Computation,
Unicamp, 13083-859 Campinas, Sa˜o Paulo, Brazil and
Department of Physics and Astronomy,
Rutherford Building, University of Canterbury
Private Bag 4800, Christchurch 8140, New Zealand
(Dated: September 8, 2016)
It is a well-known fact that helicity is a Lorentz-invariant for massless but not for massive particles.
Nevertheless, a satisfactory proof of this fact and a detailed analysis on the relative orientation
between spin and the momentum are not readily available. One such analysis was presented by
Wigner where a formula for the angle between the spin and the momentum is derived for massive
particle states undergoing two successive boosts in orthogonal directions. In this note, using the
Wigner rotation, an alternative derivation is provided.
I. INTRODUCTION
A well-known fact in quantum field theory is that the
number of allowed degenerate states for massless and
massive particles belonging to a spin-j representation of
the Poincare´ group are labelled by the spin projection
σ = ±j and σ = −j, · · · , j where j = 0, 1
2
, 1, · · · [1].
For massless particles, they are helicity eigenstates in all
reference frames where the spin is always parallel or anti-
parallel to the momentum. As for massive particles, while
it is possible to prepare helicity eigenstates, they are not
Lorentz-invariant.
While these statements are well-known and are often
repeated in textbooks, a detailed analysis on the rela-
tive orientation between the spin and the momentum is
not readily available. To the best of our knowledge, such
analysis was first presented by Wigner in ref. [2, Chap. 5]
along with more recent works presented in refs. [3–6]. We
are particularly interested in Wigner’s analysis where the
notion of an angle between the spin and the momentum
is introduced. As an example, Wigner considered a mas-
sive particle state that undergoes two successive boosts
in orthogonal directions and obtained a formula for the
angle.
In this note, we start with the simplest examples of
single rotation and boost. Subsequently, we consider the
case of successive boosts in orthogonal direction. We pro-
vide an alternative but equivalent derivation to Wigner’s
result (see app. A), utilizing the Wigner rotation.
II. MASSIVE STATES
In the rest frame, we define the massive state |k, σ〉 to
be an eigenstate of the rotation generator Jz along the
z-axis
Jz|k, σ〉 = σ|k, σ〉 (1)
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where kµ = (m,0) with m being the mass of the parti-
cle. This equation cannot be Lorentz-invariant since Jz
is not a Casimir-invariant. Therefore, to understand the
relative orientation between the spin and the momentum,
we need to consider the particle states in various refer-
ence frames. The Lorentz transformation for a massive
particle state is given by [7]
U(Λ)|p, σ〉 =
√
(Λp)0
p0
∑
σ′
Dσ′σ(W (Λ, p))|Λp, σ
′〉 (2)
where U(Λ) is the unitary representation of Λ and the
normalization is chosen to be
〈p′, σ′|p, σ〉 = δσ′σδ
3(p′ − p). (3)
In eq. (2), W (Λ, p) = L−1(Λp)ΛL(p) is an element of the
little group defined to leave kµ invariant Wk = k, L(p)
is a boost that takes particle at rest to momentum p and
the matrix D(W (Λ, p)) is the unitary representation of
the little group. For massive particle, the little group is
SU(2).
When Λ = R is a rotation, we have W (R, p) = R.
For a boost Λ = L(q) where p 6= q, W (L(q), p) remains
a rotation but the expression is more complicated. A
practical method which we will use in sec. II B to compute
W (L(q), p) can be found in ref. [8].
In the subsequent sections we study the relative orien-
tation of the spin and the momentum for massive par-
ticle states when they undergo Lorentz transformations.
The analysis for rotation and single boost are straight-
forward, but for the sake of completeness, we will review
them here. The analysis becomes more interesting for
two successive boosts in orthogonal directions.
A. Rotation
The rotation on the state |k, σ〉 is given by
U(R)|k, σ〉 =
∑
σ′
Dσ′σ(R)|k, σ
′〉. (4)
2The rotated state is an eigenstate of U(R)JzU
−1(R) =
J · n so we get
J · nU(R)|k, σ〉 = σU(R)|k, σ〉 (5)
where n specifies the direction of spin.
B. Boost
Transformations under boosts are more complicated
since they do not commute with rotation. From eq. (2),
a boost on |k, σ〉 yields
|p, σ〉 =
√
m
p0
U(L(p))|k, σ〉. (6)
When p 6= (0, 0, pz), |p, σ〉 is not a helicity eigenstate of
Jz even though the label σ remains unchanged in eq. (6).
According to Wigner, there is a non-vanishing angle ǫ
between the spin and the momentum. Qualitatively, this
means that prior to applying the boost, one can perform
a rotation by angle ǫ such that the final boosted state
U(L(p)R(ǫ))|k, σ〉 is a helicity eigenstate. In this paper,
we derive the formulae for ǫ in the case of a single boost
and subsequently two successive boosts in orthogonal di-
rections.
We start with the simplest case where a particle is
moving along the z-axis with momentum p = (0, 0, pz).
This is a helicity eigenstate whose spin is parallel to its
momentum so we have
J · pˆ|pz, σ〉 = σ|pz, σ〉. (7)
It is straightforward to see that the helicity is not
Lorentz-invariant by going to another frame where the
particle has momentum p′ = (0, 0,−p′z) so that the spin
becomes anti-parallel to the momentum
J · pˆ′|p′z, σ〉 = −σ|p
′
z, σ〉. (8)
Now, what happens if we apply a single boost to |k, σ〉
in the yz-plane L(θ, ϕ), where the momentum makes an
angle θ with the z-axis? To answer this question, we use
the identity
R(θ)L(0, ϕ)R−1(θ) = L(θ, ϕ) (9)
where R(θ) is the rotation about the x-axis
R(θ) =


1 0 0 0
0 1 0 0
0 0 cos θ sin θ
0 0 − sin θ cos θ

 (10)
and L(0, ϕ) is a boost along the z-axis
L(0, ϕ) =


coshϕ 0 0 sinhϕ
0 1 0 0
0 0 1 0
sinhϕ 0 0 coshϕ

 . (11)
Starting from
JzU(L(0, ϕ))|k, σ〉 = σU(L(0, ϕ))|k, σ〉, (12)
we get
JyzU(L(θ, ϕ))U(R)|k, σ〉 = σU(L(θ, ϕ))U(R)|k, σ〉
(13)
where we have used U(R)JzU
−1(R) = Jyz with Jyz be-
ing the rotation generator in the yz-plane. Note that
although U(L(θ, ϕ))|k, σ〉 is not a helicity eigenstate but
U(L(θ, ϕ))U(R)|k, σ〉 is. Therefore, in the case of a single
boost, the angle between the spin and the momentum is
ǫ = θ and it can be expressed in terms of the components
of the velocity along the y- and z-axis
tan ǫ = tan θ =
βy
βz
(14)
where p = mγyz(0, βy, βz). For example, if the boost is
along the y-axis, we have βz = 0 and ǫ = π/2. Since there
are no preferred frames, it follows that for a massive par-
ticle state at rest where its spin aligned to an arbitrary
direction, its orientation remains unchanged under a sin-
gle boost in any direction.
Now let us consider a state that is obtained by acting two successive boosts on |k, σ〉, first along the z- and then
along the y-axis. The product of the two boosts are
L(1
2
π, ϕ′)L(0, ϕ) =


coshϕ′ 0 sinhϕ′ 0
0 1 0 0
sinhϕ′ 0 coshϕ′ 0
0 0 0 1




coshϕ 0 0 sinhϕ
0 1 0 0
0 0 1 0
sinhϕ 0 0 coshϕ


=


coshϕ′ coshϕ 0 sinhϕ′ coshϕ′ sinhϕ
0 1 0 0
sinhϕ′ coshϕ 0 coshϕ′ sinhϕ′ sinhϕ
sinhϕ 0 0 coshϕ

 . (15)
To obtain the angle between the spin and the momentum, we use the fact that two boosts along different directions
3is equivalent to a boost and a rotation. Specifically, eq. (15) can be written as
L(1
2
π, ϕ′)L(0, ϕ) = L(θ′′, ϕ′′)R(θw) (16)
where L(θ′′, ϕ′′) is a boost along the yz-plane and R(θw) is the element of the little group. To determine L(θ
′′, ϕ′′),
we note that L(1
2
π, ϕ′)L(0, ϕ) leaves the x-axis invariant. Therefore, R(θw) must be a rotation about the x-axis so
we get
L(θ′′, ϕ′′) =


coshϕ′ coshϕ 0 cos θw sinhϕ
′ + coshϕ′ sin θw sinhϕ cos θw coshϕ
′ sinhϕ− sin θw sinhϕ
′
0 1 0 0
coshϕ sinhϕ′ 0 cos θw coshϕ
′ + sin θw sinhϕ
′ sinhϕ cos θw sinhϕ
′ sinhϕ− sin θw coshϕ
′
sinhϕ 0 coshϕ sin θw cos θw coshϕ

 . (17)
For L(θ′′, ϕ′′) to qualify as a boost, the matrix must be
symmetric. Equating all the relevant elements, we obtain
sin θw =
sinhϕ′ sinhϕ
coshϕ′ coshϕ+ 1
, (18)
cos θw =
coshϕ′ + coshϕ
coshϕ′ coshϕ+ 1
(19)
so that
tan θw =
sinhϕ′ sinhϕ
coshϕ′ + coshϕ
=
γγ′ββ′
γ + γ′
. (20)
When U(L(θ′′, ϕ′′)R(θw)) acts on the state |k, σ〉, after
rotation, the spin makes an angle θw with the z-axis.
Therefore, if θ′′ = θw, U(L(θ
′′, ϕ′′)R(θw))|k, σ〉 would
be a helicity eigenstate. But in general, the two angles
do not coincide so the angle between the spin and the
momentum is ǫ = θ′′ − θw. From eq. (17), the γ-factor
and the velocity components are
γ′′ = γγ′, (21)
β′′y = β
′, (22)
β′′z =
β
γ′
. (23)
Using these identifications, θ′′ is given by
tan θ′′ =
β′′y
β′′z
= γ′
β′
β
(24)
and the angle between the spin and the momentum after
boost in the z- and subsequently the y-axis is given by
tan ǫ =
tan θ′′ − tan θw
1 + tan θ′′ tan θw
. (25)
At first sight, eq. (25) looks different from eq. (A3) but
after some algebraic manipulation, they are identical
tan ǫ =
tanhϕ′
sinhϕ
=
β′
β
(1− β2)1/2. (26)
When β = 1, we have a massless particle moving along
the z-axis. Independent of the subsequent boost, ǫ = 0.
Therefore, we have a massless helicity eigenstate where
its spin is always parallel or anti-parallel to the momen-
tum. In the non-relativistic limit, θw ∼ 0 so we get
tan ǫ ∼ β′/β.
The prescription we have used to derive the angle be-
tween the spin and the momentum from the little group
can be generalized to various situations. The important
insight is that successive boosts in different directions
can be decomposed into product of boost and rotation
and that the angle can be derived by determining the
orientations of the two operations.
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Appendix A: Wigner’s derivation
Wigner’s derivation for the angle between the spin and
the momentum under two successive boosts along the z-
and then the y-axis can be found in ref. [2, Chap. 5]. For
the reader’s convenience, it is reproduced here.
First, we prepare a helicity eigenstate moving in the
yz-plane making an angle θ with the z-axis. The state
can be prepared by first performing a rotation about the
x-axis followed by a boost in the same direction which is
given by eq. (9). This transformation takes the form
T (θ, ϕ) = L(θ, ϕ)R(θ)
=


coshϕ 0 0 sinhϕ
0 1 0 0
sin θ sinhϕ 0 cos θ sin θ coshϕ
cos θ sinhϕ 0 − sin θ cos θ coshϕ

 . (A1)
Wigner asserts that the state U(L(1
2
π, ϕ′)L(0, ϕ)R(ǫ))|k, σ〉 is a helicity eigenstate because it can be equated to
4U(T (θ, ϕ′′))|k, σ〉 for some rapidity parameter ϕ′′. Therefore, the angle between the spin and the momentum is ǫ. To
determine ǫ, we multiply eq. (15) from the right by R(ǫ) to obtain
L(1
2
π, ϕ′)L(0, ϕ)R(ǫ) =


coshϕ′ coshϕ 0 (cos ǫ sinhϕ′ − sin ǫ coshφ′ sinhϕ) (sin ǫ sinhϕ′ + cos ǫ coshϕ′ sinhϕ)
0 1 0 0
coshϕ sinhϕ′ 0 (cos ǫ coshϕ′ − sin ǫ sinhϕ′ sinhϕ) (sin ǫ coshϕ′ + cos ǫ sinhϕ′ sinhϕ)
sinhϕ 0 − sin ǫ coshϕ cos ǫ coshϕ

 .
(A2)
Equation (A2) then take the form of (A1) when
tan ǫ =
tanhϕ′
sinhϕ
=
β′
β
(1− β2)1/2 (A3)
so that ǫ is the angle between the spin and the momentum
of the state. When β = 1, ǫ = 0 so we have a massless
helicity eigenstate. In the non-relativistic limit, tan ǫ ∼
β′/β.
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